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ABSTRACT. In this article, we study generated sets of the complete semigroups binary relations defined
by X -semilattices unions of the class Z;(X,5).
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1. Introduction.

Let X be an arbitrary nonempty set, D is an X —semilattice of unions which closed with respect to the set-

theoretic union of elements from D, f be an arbitrary mapping of the set X in the set D . To each mapping
/' we put into correspondence a binary relation @, on the set X  that satisfies the condition

a, = |J({x}x f(x)) . The set of all such ¢, (f:X > D)is denoted by B, (D). It is easy to prove that B, (D)

xeX
is a semigroup with respect to the operation of multiplication of binary relations, which is called a complete

semigroup of binary relations defined by an X — semilattice of unions D .

We denote by & an empty binary relation or an empty subset of the set X . The condition (x, y) €a will be

written in the form xay. Further, let x,yeX, Yc X, a€B, (D), D= U Y and T €D . We denote by the

ven
symbols yo, Yo, V(D,a), X™ and V(X*,a) the following sets:
ya={xeX|yax}, Ya=|Jya, V(D,a)={Ya|Y D}, X" ={Y|@ =Y c X},
V(X*,a):{Ya|®¢Yc_:;y}, D,={ZeD|TcZ}, ¥ ={yeX|ya=T)}.
Definition 1. We say that an element Q of the semigroup B, (D) is external if a=¢Sop for all
0,feB, (D)\{a} (see [1], Definition 1.15.1).
It is well know, that if B is all external elements of the semigroup By (D) and B’ be any generated set for

the B, (D),then Bc B (see [1], Lemma 1.15.1).
2. Related Work.

2. Let X, (X ,5) be a class of all X —semilattices of unions whose every element is isomorphic to an X —
semilattice of unions D = {Z w23, Z, ,Zl,D} , which satisfies the condition:
Z,cZ cD,Z,cZ cD,Z2,cD, Z\Z, #Q, Z,\Z, # D, B
ZNZ, £+ D, Z\Z, # D, Zy VL =72, L, V2L, =2, V2, =Z,\WZ, =D.
(see Fig. 1).

Z Zy It is easy to see that D = {Z 4,Z3,Zz} is irreducible generating set of the semilattice D .
Fig. 1
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Let C(D)={R,PB,P,,P,P,} isa family of sets, where F,h,P,,P;,F; are pairwise disjoint subsets of the set X

D Z Z, % Z,

and ¢ = is a mapping of the semilattice D onto the family of sets C (D) . Then the formal
LRB LB D

equalities of the semilattice D has a form:
D=PBj Bl uBwE,
Z, =R URURUR,
Z,=RURVB VR, (1)
Zy=BUPRUPR,
Z,=FR Ul UB.
here the elements P, B, P, B are basis sources, the element F} are sources of completeness of the semilattice D .
Therefore |X| >4 since |ﬂ| >1, |P3| >1, |P2| >1, |Pl| >1 (see [1], chapter 11).

From the formal equalities of the semilattise D immediately follows, that:

P,=Z\Z,, P,=Z,\Z,, P,=Z,\Z,, )
P, =Z\Z,, B=Z,\Z,, B,=7,"Z, N Z,.

In the sequel, by symbol X, (X ,5) we denoted all semilattices p = { Z..Z,. 2. Z, D} of the class % (X ,5)
for which Z, NZ;NZ, # @ . Of the last inequality from the formal equalities (1) of a semilattise D follows that
ZyNZyNZy =R #D,ie. |X|25 since [, #0, B#0, b #0, E+0, F,#J.

Let DeX, (X ,5) . By symbols A4,A3 ,AZ and Al we denoted the following sets:

B~ NE 2 2 DY AT, 2 7 DYAZ. 2 0 B,
A ={{2,.2,,2}.(2,,2,,D},{2,,2,,D}.|2,,2,D}.{2,,2,,D},{Z,, 2, D}},
A, ={{z,,2}.{2,,2,}.{2,.D}.{Z,.D}.{2,,D},{z,. D}},
A= {{24}’{23}’{22}9{21}’{D}}'
Lemma 2.1. Ler DX, (X.5). a=5-p for some @,5,p € B, (D). Then the following statements are

true:
a) Let T.T'€{Z,,Z,,Z,}, T#T".if T,T' eV (D,a), then a is external element of the semigroup B, (D) ;

b) If Z,,Z, €V (D,a), then a is external element of the semigroup B, (D).
Let DeX,(X,5). By symbols A, B(A,) and B, we denoted the following sets:
A={2.2,2,D}{2,,2,.2,D}.{2,,2,,2,D},{2,, 2, 2}.{2,,2,,D}, (2., 2,,D}.{2.,Z, D},
B(A)={aeB, (D)V(X".a)e Al; B,={aeB, (D)|V(X",«)=D}.
Remark, that the of the sets B, and B(A,) are external elements for the semigroup B, (D).
Lemma 2.2. Let D € X, (X.,5). Then the following statements are true:
a) if quasinormal representation of a binary relation o has a form
a=(¥7xZ,)u(¥*x 2 )u(¥; x D),
where Y YY) ¢ {QD}, then a 1is generating by elements of the elements of set B(A,) ;
b) if quasinormal representation of a binary relation o has a form
a=(¥xz) (¥ x2,)u(¥; xD),
where Y Y*,Y; ¢ {Q}, then a 1is generating by elements of the elements of set B(A,) ;
Lemma 23. Ler D € %, (X,5). Then the following statements are true:

a) if quasinormal representation of a binary relation has a form o = (Yf xZ, ) U (Yl"’ xXZ, ),
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where Y| ,Y," ¢ {}, then a Is generating by elements of the elements of set B(A,) ;
b) if quasinormal representation of a binary relation has a form o = (Y;’ xXZ, ) v (YI“ xZ, ) ,
where Y ,Y," ¢ (D}, then a Is generating by elements of the elements of set B(A,) ;

)

¢) if quasinormal representation of a binary relation has a form a = (}’4‘Z xZ, ) W (YO"' xD
where Y} Y, ¢ {D}, then a Iis generating by elements of the elements of set B(A,);

d) if quasinormal representation of a binary relation has a form o = (Y;” xXZ, ) i (YO“ X D) 5
where Y;' Y, ¢{D}, then a Is generating by elements of the elements of set B(A,) ;
e) if quasinormal representation of a binary relation has a form o = (Y]“ xZ, ) V) ( Yy x D) ;

where Y Yy ¢ {D}, then a Iis generating by elements of the elements of set B(A,);
f) if quasinormal representation of a binary relation has a form o = (Yz" xZ, ) v (YO"' x D
where Y, Y, ¢ {0}, then a Iis generating by elements of the elements of set B(A,)
g) if quasinormal representation of a binary relation has a form o = X xZ,, then a is generating by elements
of the elements of set B(A,).
h) if quasinormal representation of a binary relation has a form o = X xD, then « 1is generating by elements
of the elements of set B(A,).
Lemma 2.4. Let DeX,(X,5). Then the following statements is true:
a) if ‘X \ D| >1 and T €{Z,,Z,,Z,}, then binary relation o= X xT is generating by elements of the elements
of set B(A,);
b) if X=D and Te{Z,,Z,,Z,}, then binary relation a=XxT is external element for the semigroup
B, (D).
3. Result

Theorem 2.1. Let DeX (X,5) and
4 =22, 2, D12, 2, 5 B 17 2, 2 B A 2o T o2, B2 2, D) (2, T DN
B(A)={aeB,(D)|V(D,a)e A}; B, ={aeB, (D) (X",a)=D}.
Then the following statements are true:
a) 1'1”‘X \D‘ >1, then the S, = B, WB(A,) Is irreducible generating set for the semigroup B, (D) ;
b) if X=D, then the S, =B, UB(A)U{XxZ,, XxZ,,XxZ,} Is irreducible generating set for the
semigroup B, (D).
Proof Let Dex (X,5) and |X \D‘ >1. First, we proved that every element of the semigroup B, (D)
is generating by elements of the set S,. Indeed, let « be arbitrary element of the semigroup B, (D).
Then quasinormal representation of a binary relation « has a form
a =Y xZ,) (¥ xZ,)u (¥ x Z, ) (%7 x Z,)u(¥ x D),
where YUY Uy UYTUY =X and Y NY = (0<i=# j<4). For the ‘V(X*,a)‘ we consider the
following cases:

1) ‘V(X*,a)‘ =5.Then a € Byand B, c S, by definition of a set §,.
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2) [V(x",a)|=4.Then V(X',a)e A ={{Z,,2,2,D},{2,,2,,2,D}.{2,,2,,2,,D|} c A i.e. @ € B(A,) and
B(A,)c S, by definition of a set S, .
3) |V(X*,a)| =3 . Then we have
v(x.a)e A ={{z,.2,.2}.{2,.2,,D}.{2,.2,,D}.{2,,2,D}.{Z,.2,D}.{Z,.2,D}|.
By definition of e set A, we have that {{24,23,2!},{Z4,ZZ,D},{Z3,ZZ,D},{ZZ,Z!,D}} c A, i.e. in this
case o € B(A)) and B(A)) < S, by definition of a set S, .
If V(X*,a) € {{24,2,,D} ,{Z3,ZI,D}} , then from the statement «) and b) of the Lemma 2.2 element
a is generating by elements B(A,) and B(A)) < S, by definition of a set S, .
4) ‘V(X*,a)‘ =2.Then we have, that
v(x.a)e A ={{2,.2).{2,,2,},{2,,D}.{2,,D},{Z,,D}.{2,,D}} .
Then from the statement a)- /) of the Lemma 2.3 element « is generating by elements B(A,) and
B(A,) < S, by definition of a set §,.
5) [7(X",«) =1. Then we have, that ¥ (X",a)e A ={{Z}.{D}.{Z.}.{z.}.{Z.}}.
If V(X".a)e {{Z,},{D}} , then from the statement g), ) of the Lemma 23 element « is
generating by elements B(A,) and B(A,)c S, by definition of a set S, .
If V(X*,a) e{{z,}.{2,}.{2,}}, then from the statement a) of the Lemma 2.4 element « is
generating by elements B(A,) and B(A )< S, by definition of a set S, .
Thus, we have that S, is generating set for the semigroup B, (D).
If ‘X \D" >1, then the set S, isirreducible generating set for the semigroup B, (D) since S, is a set
external elements of the semigroup B, (D).
The statement a) of the Theorem 2.1 is proved.
Now, let DeX,,(X,5) and X =D . First, we proved that every element of the semigroup B, (D)
is generating by elements of the set S,. The cases 1), 2), 3) and 4) are proved analogously of the cases

1), 2), 3) and 4) given above and consider case, when

P (X @) e A =2 ADLZ 22
If V(X*,a)e{{Zl},{D}}, then from the statement g), #) of the Lemma 23 element o is

generating by elements B(A,) and B(A )< S, by definition of a set §,.

If V(X*,a) €{{z,}.{2,}.{2,}} , then a €5, by definition of a set &,.

Thus, we have that S, is generating set for the semigroup B, (D).

If X =D, then the set S, is irreducible generating set for the semigroup B, (D) since S, is a set
external elements of the semigroup B, (D).

The statement b) of the Theorem 2.1 is proved.

Theorem 2.1 is proved.

Theorem 2.2. Let D={Z,.7;,7,,7,,D} €34,(X,5) and
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oA B E DY 2 2 2 YA B 5, DY B B 202 B 2, DY B, 2, DY,
B(A)={aeB,(D)|V(D,a)eA}; B,={aeB,(D)|V(X"a)=D}.
Then the following statements are true:
a) [f‘X\D| >1, then the number|S,| elements of the set S, = B, wB(A,) is equal to
|Sy|=5"-2-3"+5.
b) If X =D, then the number|S,| elements of the set S, = B, UB(A)U{XxZ,,XxZ,,XxZ,} s equal to
|S,|=5"-2-3"+8.

Proof. Let number of a set X is equalto n,ie. |X|=n.Let S, ={¢.0,,...0,} isa group all one to one
mapping of a set M ={1,2,..,n} on the set M and ¢, ., ....¢, (m<n) are arbitrary elements of the

group S,, ¥ .Y ,...Y are arbitrary partitioning of a set X. By symbol k" we denote the number

P00 g,

elements of a set {Yq,1 Y, oY, } . It is well know, that

P (_1)'"”' !
K3 s o P

If m=2,3,4,5, then we have

kn2 :2n71_1’ kj :l.3n71_2n71+l, k:: :l'4n71_1.3)171_,’_1'2"71_1,
2 2 6 2 2 6
k: :i.5"-1_1.4"-1+l.3"-1_l.2"-1+i_
24 6 4 6 24

If Y, .Y, areany two elements partitioning of a set X and B = (le xT, ) U (Y% xT, ), where 7,7, € D

and 7, #7,. Then number of different binary relations 4 of a semigroup B, (D) is equal to
2.k =2"-2. (3)
If Y,,Y, .Y, areany tree elements partitioning of a set X and
B=(x, x1)u(¥, x5) (Y, xT),
where 7,,7,,T, are pairwise different elements of a given semilattice D. Then number of different
binary relations S of a semigroup B, (D) is equal to
6k, =3"-3-2"+3. (4)
If Y,.Y,.Y, .Y, areany four elements partitioning of a set X and
B =(Y, x5,) (¥, xT,)u(¥, xT;)u(¥, xT,),
where 7,,7,,T;,T, are pairwise different elements of a given semilattice D. Then number of different
binary relations S of a semigroup B, (D) is equal to
24k} =4"—4.3"+3.2"" -4 (5)
Ifv,.y,.Y,.Y, .Y, areany four elements partitioning of a set X and
B =(Y, xT,) (¥, xT,)u(¥, xT,)u(¥, xT,)u(¥, xT3),
where 7,,7,,T,,T,,T, are pairwise different elements of a given semilattice D . Then number of different
binary relations / of a semigroup B, (D) is equal to

120k =5"—5-4" +10-3" —10-2" +5. (6)
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If « € B, then quasinormal representation of a binary relation « has a form
a :(Yf ><Z4)U(Y3"‘ ><Z3)U(Yz‘" sz)u(Y[”’ le)u(Yoa XD),
where Y/, ¢{d}, or a system Y/.Y,".Y,,Y”, or a system Y/ Y" YY", or a system
Yo YE Y, Y Yy are partitioning of the set X .
If the system Y,Y",YY, or a system Y/ Y7, Y .Y, or a system Y'Y Y Y, or a system
YO YE Y, Y Yy are partitioning of the set X . Of this from the equalities (4), (5) and (6) follows that
|B)|=(5"=5-4"+10-3" =10-2" +5)+2-(4" —4-3" +6-2" —4)+
+(3"-3-2"+3)=5"-3-4"+3.3" - 2" +4.
If a € B(A,), then by definition of a set B(A,) the quasinormal representation of a binary relation
a has a form:
a :(Yf ><Z4)U(Y3‘” ><Z3)U(Y|"‘ le)u(YO" XD),
where Y7, YY) €{@},or Y,Y,,Y",Y, €{OD} are partitioning of the set X respectively;
o= (Yf ><Z4)U(Yz" sz)u(Yl" le)u(YO‘" xD),
where Y/.Y,,Y," e{Q},or Y,Y,,Y",Y, € {D} are partitioning of the set X respectively;
a=(Y xZ,)u(¥ < Z,)u (% x Z, ) (¥ x D)
where Y7.Y.Y," e{@}, or ¥",Y,",Y*,Y, € {D} are partitioning of the set X respectively;
a =(Y4"‘ X 4)U(Y3"’ ><Z3)U(Y1“ le),
}
(
}

where Y7,Y) e{Q},or Y,Y, .Y, e{Q} are partitioning of the set X respectively;
(24

where Y7.,Y) e{d},or Y,Y,",Y," e{} are partitioning of the set X respectively;

Z
a= K{’xZJU(foZJU(YEfXD),
:(Y;XZ3)U(Y;X22)U(Y;)0(><D')
where Y7,Y) e{@}, or Y¥",Y;",Y; e{} are partitioning of the set X respectively;
a:(Yz"XZZ)U(Y]"’XZI)U(YO“XD),
where YY" e{@}, or ¥;",Y,*,Y; e{} are partitioning of the set X respectively.
Of this and from the equality (3), (4) and (5) follows that
B(A) =4-(2"=2)+7-(3"=3-2"+3)+3-(4" —4-3 +6-2" - 4) =
=4.2"—8+7-3"=21.2" +21+3-4" —12-3" +18.2" =12 =3-4" —5.3" + 2" +1.
So, we have that:
1S, =By W B(A)|=(5"=3-4"+3:3"=2" +4)+(3-4" =5-3" +2" +1) =
=5"-2.3"+5,
1S =|B, UB(A) U{X xZ,, XxZ,, X Z,}|=5"-2-3" +8.

since B, NB(A)) =B, N{XxZ, XxZy, XxZ,} = B(A )N {XxZ,XxZ,,XxZ,} =D

Theorem 2.2 is proved.

By symbol %, (X,5) we denoted all semilattices D={Z4,Z3,ZZ,ZI,D} of the class £, (X,5) for
which Z, nZ, nZ, =& . Of the last equality from the formal equalities of a semilattise D follows that
Z,NZyNZy, =B =0,l.e. |[X|24 since ,#20, PL+D, =3, B +J.

In this case, the formal equalities of the semilattice D has a form:
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D=PBUP,UPRUP,,
Zi=RBUPBUP,,
Z,=RUBUP,,
Zy=h VR,
Z,=P UPR.
From the formal equalities of the semilattise D immediately follows, that:
P =Z\Z, PB=2Z,\Z,=Z\Z,, B=Z2,nZ,=Z\Z,, B =7,\Z,.
In this case we suppose that De X, (X,5).
Let DeX,, (X,5). By symbols A , B(A)) and B, we denoted the following sets:
A ={2.2,2,D},{2,,2,,2,,D},(2,,2,,2,D}.{2,,2,,2},{2,,2,,D}.{2,,2,,D},{Z,,2,,D}},
B(A0)={a eB,(D)| V(X*,a)eAO}, B,={a<B,(D)|V(X",a)=D}
Remark, that the of the sets B, and B(A,) are external elements for the semigroup B, (D).
Theorem 3.1. Let DeX,(X,5), then the following statements are true:
a) 1'f|X \D‘ >1, then the S, = B, B(A,) Is irreducible generating set for the semigroup B, (D) ;
b) if X =D, then the S, =B, UB(A)U{XxZ,, XxZ,,XxZ,} Isirreducible generating set for the
semigroup B, (D).
Theorem 3.2. Let D={Z,.7;.Z,.Z,.D} €34,(X.5) and
Ay =2 B2 DY |22, 2, DY A8 2,2, D)8 B 2 22, B 82, DY 2, BY,
B(A)={a<cB,(D)|V(D,a)e A}; B,={aeB, (D)|V(X",a)=D}.
Then the following statements are true:
a) [f‘X\Dl >1, then the number|S,| elements of the set S, =B, UB(A,) is equal to
|S,|=5"-2-3"+5.
b) If X =D, then the number|S,| elements of the set S, = B/ UB(A,)U{XxZ,,XxZ,,XxZ,} s equal to
|S,|=5"-2-3"+8.

Proof. The theorem 3.1 and 3.2 we may prove analogously of the theorems 2.1 and 2.2.
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