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Abstract

In the linear normed spaces B(p,q,1),0 < p < q < o0, min (q,A) = 1, the classes of functions
analytic in the circle Ui, R =1, are considered. These classes are defined by averaged moduli of
continuity of second order and majorants. The exact values of the informational, linear and Bernstein
n-widths of such classes are computed. The optimal method of recovery of functions from indicated
classes are found too in the spaces B(p, q,1).

Key words: n-width, class of functions, moduli of continuity, majorant, optimal method of recovery.

1. Introduction.
Let X be a linear normed space and B the unit ball in it, X a convex centrally symmetric set from

X containing null, L, € X a linear n-dimensional subspace, A:X — L, a linear continuous operator
from Xinto L,, Y an arbitrary linear normed space containing K, Y* the dual space to Y, {lj}j—1 cY"
an arbitrary set of linear functionals, C" Cartesian product of 72 specimens of the set of complex number

C,V:C" -» X alinear operator continuous from C" into X.

The quantity

i (3, %) = inf{inf{sup {||f = V(L (F), .. ()|l f € K}:ver e X}k e, {lj};,‘=1 c v}
is called the informational #-widths of a set X in X [1; ch.4, 4.1]. In fact, by analogy [2], a set of linear
functionals {lj};_lzl C Y*, where X C Y, participating in the determination of the quantity i,(¥X,X),
can be considered as a coding method, which associates a function f € KX with information about it in
the form of a point from C", ie. {z; = ;(f), .., z, = [L,(f)} €C*. Then V:C" - X should be
considered as a method of recovery of function f from X by a specified information. Thus, in the course
of calculation two exact lower bounds in the formula for i, (¥,X), we are dealing with finding a best
method of recovery V:C" — X (if it exists) of function f from X, provided that an optimal linear
normed space Y © K has already been found, in which f € X is optimally coded by a set of linear

functionals {Z]}Zl:l c Y*. From the above it follows that it appropriate to talk about an optimal method
of (Y {Z]}jl:l c Y,V ) - recovery (if it exists) of functions from a class X in a linear normed space X.
In this case we get

in (3, X) = sup{||f = 7 (L(), ...,ln(f))”X f €%}, )

Remind [3; ch.1, 1.1] that the quantity

E(JC, Ln)x = inf{sup{[lf — A(llx: f € K}: AX < Ly}
characterizes the best linear approximation of a set X by elements from L,. A linear operator A (if it

exists) for which

£, L)y = sup {[If = K(P),: f € %}
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defines the best linear approximation method for X in X. The quantity
8, (K, X) = inflE(K, L)x: L, € X} (2)
is called the linear n-widths of a set X in X. If there exists a subspace En c X, dim fn = n, for which
&(x, En)x = 6,(X,X) then L, is called extremal for the linear n-widths.
The quantity
b, (¥,X) = sup{sup{e > 0:eBN L, € K}: L,y € X}
is named the Benrstein n-widths [4; ch.II, 1]. A subspace L,,; € X, dim L,,; = n + 1, such that
b, (K,X) = sup{e > 0:eBNL,,,; c X} (3)
is called extremal the Bernstein n-widths. If X and Y are linear normed spaces and Y is subspace of X,
then from definition (3) the next inequality holds
b, (K, X) = b, (K, Y).
The following relationships are satisfied between approximation characteristics of a set X from X
b, (K,X) < i,(¥,X) <6, (K,X) < EXK, L)k (4)

Based on [2] and (1) — (4) we note that the problems of the exact calculation of the quantities of n-

widths and search of optimal method of (Y {ZJ}:l:l c Y,V ) - recovery are equivalent in a certain

sense. However, in the second problem, unlike first, it is necessary to find a set (Y {ZJ}?=1 c Y,V ) (if

it exists) that guarantees the minimum possible recovery error of a class K in a space X.
A disk of radius R € (0, ) and a set of analytic functions in it we will denote by symbols Uy :=
{z € C:|z| < R} and A(Ug) respectively in the complex plane. We denote U := U; for R = 1. We

will use a quantity
1/q

2T
1 .
Mq(f.p) F{ Eflf(pewﬂth , 1=q<w,
0

kmax(|f(peit)|:03t<27r), q=o,
for a function £ from A(Ug) and p € (0,R). By symbol Hyg,1 < q < o, R € (0, ), we denote the
Hardy space consisting of functions f € A(Ug) that have a finite norm
Il . = lim{My(f,p):p > R—0}.
Weput H, = H,, incase R = 1.

For an arbitrary function f € H,y we write the second order moduli of continuity

03 (f, 26)p, = sup{u f(ze™) = 2f () + f(ze )|, 17l < t},t = 0.

We assume that W(t),t = 0, is an arbitrary continuous increasing function such that ¥(0) = 0. We
will call it a majorant. Let us consider the classes of functions
WHq'R (wy, ¥; 1) =

T

t
1 1
f€ Hyg: ?j 02 (f, 200 5 <1 + (42 — Dsin (2—t)> dr < W)Vt € (o,g) TN
0

which are defined by the averaged second order moduli of continuity in H, z and majorants.
The classes of functions (5) were introduced by N. Ainulloev in [5]for R=1 and 1 < q < 0.
The Kolmogorov n-widths were computed for them in the Hardy spaces H,, 1< q < o, when a

majorant YV satisfies the condition
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1
% >~ i Zof <1 — cos (%D* <1 + (u® — Dsin (%)) dx (6)

for a given u > 1/2 and for any values u € (0, w/2] and t € (0, ). Here

(1 —cosx), == {1 —cosx for 0 < x < m; 2 for x > m}.
Let us denote by (™), m € N, the m-th order derivative of a function f € A(Ug) by complex

variable z, i.e.

fi™(2) = S mer (HZF™,
where ay ., = k(k—1)..(k—m+1), c,(f) are Taylor’s coefficients of a function £ For the case

m = 0 we assume that f(®) = f and a;, == 1 Yk € N. We will consider the classes of functions
Wi (w2, W3 1) = {f € AWR): fT™ € Wy, (w2, ¥ 1)},
where R>1, m € Z,. If m = 0 then the class Wf,’qR(a)z,‘P; w) is (5).
By the symbol B(p,q,1),0 < p < q < o, min (q,A) = 1, we denote the linear normed space of
complex-valued functions f(z),z € U, that have a finite norm

1 21
1 .
I lz@,q0 = f(l — p)r/p=1/a)-1 %f If(pe®)|"dr | dp
0 0

Here the integrals are understood in the Lebesque sense. The set of all analytic functions f € A(U) for
which ||f||§(p‘q',1) <o we will denote by B(p,q,1). The spaces B(p,q,1), 0 <p < q < oo,
min (q,A) = 1, are Banach’s and [6]

1 1/2

(1 — p)rA/P=1/D=1 MA(f, p)d , 1<2<o,
1l = I llaran ={ of g atfpp

\ sup((1 — p)YP~YaM (f,p):0<p <1), A=o0.
Extremal problems of the approximation theory in the linear normed space B(p, g, 1) and in the Banach
space B(p, g, 1) of functions analytic in the unit disk were considered respectively in the work [7] and
works [8] — [10].
2. Methodology of reasoning

It is clear from (4) that for the exact calculation of the informational n-width it is necessary to
obtain the lower bound for the Bernstein #-width and upper bound for the linear n-width of a class of
function and these bounds must be equal. Some principle moments of the proof of main results from [7]
and [11] were used too.

The main result. Let us introduce the necessary notation for the formulation of main result of this

communication.
We denote by
t, == n h = ! EN EZ >
T 2m—myp Ve H=m RER MEL, M2
t*
2n—m
Brem = % (1 - sin((n — m)w)) cos((k — m)r)dr;

0
for nmeN andn>m
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z¥, k=0m—1
= a k—m 2 -
Vim(2) [R“""‘) i (ﬁk,m (1 (=) ) - 1) |z|2<n-k>] & k=mn=1,
Aon—km 2n—k—m
andfor m=0, n €N

k 2
Yio(2) = [RZ(”"‘) + <ﬁk,o <1 - <2n — k) ) — 1) |z|2(""‘)] % k=0n—1,

where R = 1,z € Ug;
Hpgr(n) = {Bi/’l(nl +1,A2(1/p — 1/q)) for1 <A <oo; F,,(n)ford = 00},
where B(a,b),a > 0,b > 0, is Euler integral of the first kind and
Fpqm) =1 +n/A/p—1/g)YV"YP(1+ 1A/p—1/9)/n) ™ 0<p < q < .
Note that the value H,;(n) - 0 for n — .
Theorem. Let ¢ > 1/2 be an arbitrary fixed number; R > 1; 0 <p < g < oo,min(q,4) = 1;n €

N,m € Z, and n > m; a majorant ¥ satisfies the condition (6). Then the following equalities hold:
by (WA (002,510, B, 4, D)) = oy (W (02, %310, B0, 0, 2)) =

& (Wi @2 W50, Lum) = S {If = s Dl 0 * [ € Wil 50} =
Rm—n

02 (0) W (m)

nm

Where h, (W,?;’R (w5, ¥; 1), B(p, q, /1)) is anyone from n-widths: i,, §,, or b,. Furthermore
1) in the case of linear mn-width &, <WI‘TIZ,R (w5, ¥; ), B(p, q,/l)) the subspace anm =

span{zpk’m(z)}z;; is extremal;
2) the function

n-1

Anam(F2) = ) e (Diem(@),
k=0

where N, ={1for k=0,m—1; R*k ™ fork =mmn—1} when m€N and 7, = R?*k™,
k =0,n—1, when m = 0, is the best linear approximation method for the class Wy  (w,, ¥; 1) in the
space B(p, q, 1);

3) the exact value of the informational n-width i, (WZ[;R (w,, ¥; ), B(p, q, A)) is realized in the linear
normed space B(p,q,1) by the optimal method of (? = Hy, [l}(f) = Cj_l(f)};:l cY,V:=

Ayim (f)) —recovery of a function £ from the class W,y;,R (wq, ¥; 1);

4) for the Bernstein n-width b, (WIQ’;'R (wy,¥; 1), B(p,q, /’l)) the subspace L., = span{zF}}_, is

extremal.
3. Discussion
Why the informational n-width is necessary? The calculation of such characteristic for a class of
functions in a linear normed space give us, for example, the answers on the questions:
— what is the optimal method of recovery of functions from this class,
— what is a minimal number of linear functionals which are sufficiently that to recover Of functions

from this class with given accuracy, ets.
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The answers to these questions we can find from the main result of this massage for the considered

classes of functions.
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